Abstract. We show that a P-object and simple configurations of Pobjects have a formal derived endomorphism algebra. Hence the triangulated category (classically) generated by such objects is independent of the ambient triangulated category. We also observe that the category generated by the structure sheaf of a smooth projective variety over the complex numbers only depends on its graded cohomology algebra.
Introduction
Over the last decades, derived and, more generally, triangulated categories became very popular in representation theory and algebraic geometry. Given an object E in a k-linear triangulated category T, one can consider the triangulated subcategory generated by E inside T.
Its complexity depends strongly on the graded endomorphism algebra End * (E) = i∈Z Hom(E, E[i]). For example, let E ∈ T be an exceptional object, i.e. End * (E) = k. In this case, E generates a category equivalent to the derived category of vector spaces, which can be regarded as the smallest and simplest k-linear triangulated category.
In general, due to a result by Keller [23] , the generated category E can always be identified with the derived category D(B) of some dg-algebra B whose graded cohomology algebra coincides with the graded endomorphism algebra: H * (B) ∼ = End * (E). (Depending on the exact definition of the category generated by one object, we may have to replace the derived category D(B) by its subcategory of compact objects, but we will ignore this issue in the introduction and come back to it in Subsection 1.5.) Theorem B might be useful in order to prove a faithfulness result for actions induced by A m -configurations of P-objects; see Subsection 4.2 for some more explanation on this.
If X is a smooth projective variety, a distinguished object in its bounded derived category of coherent sheaves D b (Coh(X)) is given by the structure sheaf O X . We use the formality of the Dolbeault complex to prove Theorem C. The category generated by O X in D b (Coh(X)) only depends on the graded algebra End * (O X ) ∼ = H * (O X ). More precisely,
This result may be interesting for the conjecture that the graded algebra H * (O X ) is a derived invariant of smooth projective varieties. The paper is organised as follows. In Section 1, we fix notation and collect well-known facts on triangulated categories and dg-algebras. In Section 2, we first recall the definition of P-objects and their associated twist. Then, in Subsection 2.3, we prove that P ∼ = D(End * (P )) for a P-object P . We review the description of the terms of minimal resolutions of graded algebras due to Butler and King [8] , in the following section Section 3. We go through the main steps of its proof to make sure that the results hold in our graded setting. In Section 4, we prove Theorem B using the description of the terms of the minimal resolutions in order to obtain the vanishing of the relevant Hochschild cohomology. Actually our results about configurations of P n [k]-like objects is more general than stated above, see Proposition 4.3 and 4.5. We prove Theorem C in Section 5. In the final Section 6, we give a general construction which produces trees of P-objects out of trees of spherical objects. As a geometric application, we explicitly construct trees of P-objects on Hilbert schemes of points on surfaces; see Subsection 6.2.
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Triangulated categories, dg-algebras, and Hochschild cohomology
1.1. Conventions on algebras. The letter k will denote an algebraically closed field. All our algebras A will be k-algebras, and whenever we speak of a graded algebra we mean a graded k-algebra A = i∈Z A i . For a (graded) k-algebra A, we denote by the (graded) tensor product A e := A ⊗ k A op its enveloping algebra. Whenever we speak in the following about ideals or modules over some (not necessarily commutative) algebra, we refer to finitely generated left ideals or modules. The formalism of enveloping algebras allows us to speak of A -A-bimodules as left A e -modules.
1.2.
Conventions on triangulated categories. All triangulated categories are assumed to be k-linear, and subcategories thereof to be triangulated and full. The shift functor will be denoted by [1] . All triangles are meant to be distinguished and denoted by A → B → C, hiding the morphism C → A [1] . We write Hom * (A, B) = i∈Z Hom(A, B[i])[−i] for the derived homomorphisms in a triangulated category, this is a complex equipped with the zero differential. In contrast, Hom
• (A, B) will be the homomorphism complex if A and B are objects of a dg-category, usually an enhancement of a triangulated category. In the literature this is sometimes also denoted by RHom (A, B) .
All functors between triangulated categories are meant to be exact. In particular, we will abusively write ⊗ for the derived functor ⊗ L , hence using the same symbol as for the functor between abelian categories. •
for homogeneous elements, the Leibniz rule. A morphism φ : A → B of dg-algebras is a k-linear map compatible with differential and multiplication, i.e. φ(
We say that two dg-algebras are quasi-isomorphic if they can be connected by a finite zig-zag of quasi-isomorphisms. Definition 1.4. A graded algebra A is called intrinsically formal if any two dg-algebras with cohomology A are quasi-isomorphic; or equivalently, if any dg-algebra B with H(B) = A is already quasi-isomorphic to A.
Recall that we denote by A e = A ⊗ k A op the enveloping algebra of A. Note that A has a natural A e -module structure by multiplication from left and right. Definition 1.5. The complex
is a called the Bar-resolution of A as an A e -module, where
Definition 1.6. Let A be a graded algebra and M a graded A e -module. The Hochschild cohomology of A with values in M is given by
Here, Hom A e denotes the homomorphisms in the category of graded modules, i.e. the A e -linear maps of degree 0.
Our main tool for proving intrinsic formality of certain graded algebras will be the following result of Kadeishvili. . Let A be a graded algebra. If HH q (A, A(2 − q)) vanishes for q > 2, then A is intrinsically formal. Remark 1.9. Let A be the non-graded algebra given by forgetting the grading of A. Then, for every q ∈ N, there is a direct sum decomposition
This is the reason why HH q (A, A(p)) is sometimes denoted by HH q,p (A, A) in the literature. Remark 1.10. Note that the Bar-resolution is a projective resolution of the A e -module A. Therefore HH q (A, M ) = Ext q A e (A, M ), and we can use any other projective resolution P • of A as an A e -module for its computation.
1.4.
Derived categories and dg-categories. In this paper we will encounter two types of derived categories. First, for an abelian category A there is the category D(A) which is the localisation of the category of complexes with values in A at the class of quasi-isomorphisms. In our examples, the abelian category A will be a category of (coherent or quasi-coherent) O X -modules over a variety or manifold X. For details on D(A) see e.g. [20, Ch. 2] .
Let us very quickly recall some facts and fix notation concerning dgcategories and enhancements; see e.g. [31, §3] for details. A dg-category is a k-linear category E whose Hom-spaces are dg-modules and the compositions are compatible with the dg-structure. The homotopy category H 0 (E) is defined to have the same objects as E and morphisms Hom H 0 (E) (E, F ) := H 0 (Hom E (E, F )). The category dg-Mod(E) of (right) dg-modules over E is defined as the category of dg-functors from E op to the category of dgmodules over k. Its homotopy category H 0 (dg-Mod(E)) carries the structure of a triangulated category. The dg-category E is called pretriangulated if the image of the Yoneda embedding
Given a triangulated category T an dg-enhancement of T is a pretriangulated dg-category E together with an exact equivalence Φ :
We can consider every dg-algebra A as a dg-category with one object. Then the homotopy category H 0 (dg-Mod(E)) of dg-modules over that category agrees with the usual notion of the category of dg-modules over the algebra A. The derived category of the a dg-algebra A is defined as
, the category dg-Mod(A) of right dg-modules over A localised at the class of quasi-isomorphisms; for details see e.g. [24, §8] . If the dg-algebra A is concentrated in degree 0, i.e. it is an ordinary algebra, then D(A) = D(Mod(A)) where the latter is the derived category of the abelian category Mod(A) in the sense explained above.
1.5. Formality and triangulated categories. The following results are well-known to experts and can be found in essence or parts in e.g. the survey [25] by Keller, the lecture notes [40] by Toën or the book [4, §10] by Bernstein and Lunts. In lack of a reference for the statements in the exact form that we use, we provide some proofs.
We recall terminology. Let T be a triangulated category together with a dg-enhancement E. The category T is called cocomplete if arbitrary direct summands exist. An object T ∈ T is called compact if for every set {Y i } of objects in T the natural morphism
is an isomorphism. We write T c ⊂ T for the full subcategory of compact objects. It is a thick (i.e. closed under direct summands) triangulated subcategory of T.
For an object T ∈ T, we write D for the smallest cocomplete triangulated subcategory of T containing T . We write T for the smallest thick triangulated subcategory of T containing T . If T is compact, then T ⊂ T c . There is an inclusion T ⊂ T , since every cocomplete triangulated category is thick; see [33, Prop. 1.6.8] .
The compact objects in the derived category D(QCoh(X)) of coherent sheaves on a separated scheme of finite type over k coincide with the perfect objects, i.e. objects locally quasi-isomorphic to bounded complexes of locally free sheaves of finite rank. Theorem 1.11. Let T be a cocomplete triangulated category with a dg-enhancement given by a dg-category E and an equivalence Φ :
Let T ∈ T be a compact object, E ∈ E some object with Φ(E) ∼ = T , and consider the dg-algebra B = Hom
• (E, E). Then there are exact equivalences
Proof. By [34, Thm. 2.1], we can reduce to the case that T = T and T = T c . So T is a compact generator of T in the sense that Hom * (T, Y ) = 0 with Y ∈ T implies Y = 0. Now, the functor
is a dg-functor of pretriangulated categories. Hence, it descends to an exact functor H 0 (F ) : T → H 0 (dg-Mod(B)) between the associated homotopy categories.
. We show that G commutes with direct sums. Let {Y i } be a set of objects in T andỸ i ∈ E with Φ(
be the canonical map. On the level of cohomology,
is an isomorphism since T ∈ T is compact. In other words, α is a quasiisomorphism in dg-Mod(B), hence an isomorphism in D(B), which shows that G commutes with direct sums.
is an equivalence. Corollary 1.12. Let T be a cocomplete dg-enhanced triangulated category and T ∈ T c a compact object. If the graded algebra A = End * (T ) is intrinsically formal, then
Proof. Let E ∈ E be some object with Φ(E) = D and B = Hom Remark 1.13. Let A an intrinsically formal graded algebra. By the corollary above, the categories spanned by objects D ∈ T with End * (D) = A are all equivalent. In particular, the category spanned by such an object is independent of the ambient cocomplete dg-enhanced triangulated category T.
P-objects

Definition and basic examples.
Definition 2.1. Let P be an object in a k-linear triangulated category T.
• If End
In some cases we will omit the integers n, k and just speak of P-like objects or P-objects.
-objects are well-known as spherical objects; see [37] . Without the Calabi-Yau property they are called spherelike objects and studied in [16, 17] by Kalck, Ploog and the first author.
P n [2]-objects are known as P n -objects and studied in [21] by Huybrechts and Thomas. The focus there is on Hyperkähler manifolds, whose structure sheaves are P n -objects. Another standard example of a P n -object is the structure sheaf O Z ∈ D(X) of the centre O P n ∼ = Z ⊂ X of a Mukai flop of a variety of dimension dim X = 2n.
The terminology P n [k] was introduced by the second author in [28] , where also examples of varieties are given, whose structure sheaves are P n [k]-objects.
Remark 2.2. A P-like object P is already a P-object in P . Therefore our main question about the independence of P of the ambient category does not rely on the Calabi-Yau property. As a (possibly misleading) consequence, in [27] the Calabi-Yau-property of spherical objects is never mentioned.
as graded k-algebras, where the Yoneda product on the left becomes the cup product on the right. As the cup product is graded commutative, k odd implies immediately t 2 = 0, so n = 1 and O X is spherelike. Consequently, n > 1 is only possible for even k.
However, the graded endomorphism algebra End * (E) of an arbitrary object E ∈ T does not need to be graded commutative. In fact, there are examples of P n [k]-like objects with n ≥ 2 and k odd, but the authors do not know any of geometric origin.
For a trivial example, consider the dg-algebra A = k[t]/t n+1 with trivial differential and deg(t) = k, where n ≥ 0 and k are integers. Then A is a
2.2. Associated P-twists. In this subsection, we assume that T is a klinear triangulated category that admits a dg-enhancement and that the P n [k]-object P ∈ T is proper, i.e. Hom * (P, F ) is a finite-dimensional graded vector space for all F ∈ T. Under these assumptions there is an autoequivalence P P : T ∼ → T, the P-twist along P , whose construction, due to [21] , we sketch in the following. Whenever we speak about the P-twist associated to a P-like object in later sections, we will tacitly assume that these assumptions are met.
So, let P be a P n [k]-object and t be a non-zero element of Ext k (P, P ). Using this generator, one can define the upper triangle for any F ∈ T:
As the composition ev•H = 0, the arrow Cone(H) F exists. Completing this arrow to a triangle gives the double cone which we denote by P P (F ).
Remark 2.4. The dg-enhancement of T is necessary to actually define the P-twist P P as a functor. In the case of spherical twists see [2] for a proper treatment and [16, §3.1] for a rough idea. In the geometric setting, FourierMukai kernels allow to circumvent dg-categories; see [21, §2] .
. Let P be a P-object. Then the associated P-twist P P is an autoequivalence. Remark 2.6. In the case of a spherical object, the P 1 -twist associated to it is the square of the spherical twist; see [21, Prop. 2.9].
2.3. Formality of single P-objects. The following proposition is Theorem A in the introduction.
Proposition 2.7. Let P be a P n [k]-like object in a cocomplete k-linear dgenhanced triangulated category with n, k positive integers and k ≥ 2. Then there are equivalences
Proof. By the definition of a P-like object, End
Hence, the result follows by Theorem 1.11 together with the following lemma.
Lemma 2.8. For k ≥ 2, the graded algebra k[t]/t n+1 with deg t = k is intrinsically formal.
Proof. In order to apply the criterion of Proposition 1.8 for intrinsic formality, we have to show the vanishing of the Hochschild cohomology groups
There is the well-known 2-periodic free resolution
of the underlying non-graded algebra A = k[t]/t n+1 considered as the diagonal bimodule over itself. Here, m is the multiplication in A, u is the multiplication by t⊗1−1⊗t and v the multiplication by t n ⊗1+t n−1 ⊗t+· · ·+1⊗t n ; see [42, Ex. 9.1.4]. Now one can check easily that this becomes a graded free resolution
So we obtain a graded free resolution F • of the A e -module A where
) is a subquotient of Hom A e (F q , A(2 − q)) so it is sufficient to show that the latter vanishes for q > 2. For q = 2i even,
We have 2 − 2i + i(n + 1)k = 2 + i(nk + k − 2) > nk for i ≥ 2. But A is concentrated in degrees between 0 and nk, so we get
The verification that Hom A e (F q , A(2 − q)) = 0 for q > 2 odd is similar.
where t has degree 2. Then the functor F :
, B → P is spherical and the spherical twist along F is the P-twist along P .
Proof. This is proved in [38, Prop. 4.2] under the assumption that End • (F ) is formal. By Lemma 2.8, this assumption is always satisfied.
To be precise, Segal's assumption is that End • (F ) is formal as a dgmodule over B, so we have to show that this is implied by its formality as a dg-algebra. The B-module structure is given by choosing an isomorphism End * (F ) ∼ = k[s]/s n+1 and an element u ∈ End • (F ) whose cohomology class is mapped to s under this isomorphism. Then t l acts on End
• (F ) by multiplication by u l . Now, we know that End
• (F ) is formal as a dg-algebra. Hence there is a roof
where f and g are quasi-isomorphisms of dg-algebras and f is surjective. Indeed one can take f : W • → End • (F ) to be a cofibrant replacement with respect to the structure of a model category on the category of augmented dg-algebras as described in [26, §4.2] .
Let v ∈ W • be a preimage of u under f . Then, we can equip W • with the structure of a B-algebra by letting t act by v so that f becomes an quasi-isomorphism of B-modules. Furthermore, the cohomology class of v is non-zero, hence g(v) is a non-zero multiple of s. Therefore, g is a quasiisomorphism of B-modules, too.
Minimal resolutions of graded algebras
In this section, we describe a minimal resolution for certain graded algebras in terms of a tensor presentation, following Eilenberg [13] and Butler and King [8] . We use this for the computation of the Hochschild cohomology which leads to a sufficient condition for these algebras to be intrinsically formal.
3.1. Separably augmented algebras and resolutions of diagonal bimodules. We recall that a k-algebra R is separable if and only if there is an element p = x i ⊗ y i ∈ R e (called separability idempotent), such that ap = pa for all a ∈ R and x i y i = 1 in R. For general facts on separable algebras see the textbook by Weibel [42, §9.2] .
We denote by N the semigroup of non-negative integers. A separably augmented algebra is an N-graded k-algebra such that R = A 0 is a separable k-algebra. Remark 3.1. Note that A + = i>0 A i is the homogeneous radical of A, i.e. the intersection of all homogeneous maximal ideals of A. Indeed, every homogeneous maximal ideal of A is of the form m = m 0 ⊕ A + . Hence, every separably augmented algebra satisfies the assumptions of [13, §2] .
For a separable k-algebra R and an R -R-bimodule V , we denote by
. . its (free) tensor algebra over R. Moreover let J ⊂ T (V ) be the two-sided ideal generated by V . If V carries an N + -grading, where N + denotes the positive integers, the tensor algebra inherits a canonical N-grading given by
Then T (V ) 0 = R, so that T (V ) is a separably augmented algebra with T (V ) + = J. Conversely, every separably augmented algebra with A 0 = R has a graded surjection T (V ) ։ A for some R -R-bimodule V , for example V = A + . Given a separably augmented algebra A and a graded surjection T (V ) ։ A with kernel I, we call the induced isomorphism A ∼ = T (V )/I a tensor presentation of A.
Replacing V by V /(V ∩ I) if necessary, we may always choose a presentation such that I ⊂ J 2 . In the following, we will also assume that the inclusion J n ⊂ I holds for some n ≥ 2. This is automatic if A is of finite dimension over k, as it will be in the applications. 
Moreover, suppose that A ∼ = T (V )/I is a tensor presentation with J n ⊂ I ⊂ J 2 for some n ≥ 2. Then there are isomorphisms of graded R-algebras
where the grading on the left-hand side is induced by the grading on A and the one on the right-hand side is induced by the grading on T (V ).
Proof. This follows by setting L = T (V ) e in [8, Prop. 2.4]. Unfortunately, Butler and King assume that the grading of A is induced by the natural grading of T (V ) (i.e. the elements of V have degree 1), which will never be the case in our applications. However, one can check that every step of the proof of [8, Prop. 2.4] works in our general graded set-up. Indeed, the proof of the equality P m = A ⊗ R Tor A m (R, R) ⊗ R A mainly refers to Eilenberg [13] , who works in the general graded setting of separably augmented algebras throughout; compare Remark 3.1. The remaining arguments in [8] needed for this equality can all be turned into arguments that also work in our graded set-up using the fact that an object in the category of graded A-modules is projective if and only if the underlying non-graded A-module is projective; see e.g. [13, §1] .
The computation of Tor A m (R, R) in terms of the ideals I and J is done using the projective resolution
see also [7] for details. Its differentials are induced by the inclusions of the homogeneous ideals I and J, hence are graded homomorphisms. Note that there is a natural isomorphism Proof. By Remark 1.10 and 3.3, the Hochschild cohomology HH q (A, A(2 − q)) is a subquotient of
Hence, it is sufficient to show the vanishing of this Hom-space. But there cannot be any non-zero homomorphism of degree zero, since the minimal degree of the source is smaller than the maximal degree of the target.
Recall that HH q (A, A(2 − q)) = 0 for q > 2 implies intrinsic formality of A by Proposition 1.8.
We will use Proposition 3.5 to prove intrinsic formality of a given separably augmented algebras using a suitable tensor representation, namely in the case of endomorphism algebras of configurations of P-objects. Remark 3.6. Let A be an N-graded k-algebra P a graded A-module, and M, N ⊂ P graded submodules. Then the following rules hold:
• mindeg(P/M ) ≥ mindeg(P ), with equality if mindeg(M ) > mindeg(P ). If I, J ⊂ A are ideals then we have additionally:
• mindeg(I · J) ≥ mindeg(I) + mindeg(J). Let A be a separably augmented algebra with tensor representation A ∼ = T (V )/I and let J = A + so that mindeg(J) = mindeg(V ). By Proposition 3.2 and the above rules, we get mindeg Tor
Configurations of P-objects
Definition 4.1. Let T a triangulated category and let Q be a graph. Our convention for a graph is that we allow at most one edge joining two given vertices i = j and no edge from a vertex to itself. A Q-configuration of objects in T is a collection of indecomposable objects P i , one for every vertex i of Q, such that, for all i = j, we have Hom * (P i , P j ) = Hom * (P j , P i ) = 0 if i and j are not adjacent and dim k Hom * (P i , P j ) = dim k Hom * (P j , P i ) = 1 if i and j are connected by an edge. A tree is a graph in the sense above without loops. Given a Q-configuration {P i } for a tree Q we also say that the objects P i form the tree Q.
Remark 4.2. Let n, k be positive integers and let P 1 , . . . , P m be a Qconfiguration of P n [k]-objects such that Hom ≤0 (P i , P j ) is zero for i = j. Then A = j End j ( i P i ) is a separably augmented algebra, since R = A 0 = k e 1 , . . . , e m is spanned by the mutually orthogonal idempotents e i := id P i . For each i denote t i a non-zero map in Ext k (P i , P i ), which is unique up to multiplication with a unit. By assumption, for any two P i and P j adjacent in Q, there is a unique positive degree h ij such that Ext
be the graded k-subvector space spanned by all t i and a ij . This gives a graded surjection T (V ) ։ A, hence a tensor presentation A = T (V )/I by some homogeneous ideal I.
Formality of configurations of P-objects.
Proposition 4.3. Let Q be a graph and let P 1 , . . . , P m be a Q-configuration consisting of P n [k]-like objects in a k-linear triangulated category with n, k integers with n, k ≥ 2, nk even and gcd(k, nk 2 ) > 1. Finally, assume that for all adjacent P i and P j holds
Remark 4.4. The additional assumptions on n, k ≥ 2 are automatically fulfilled, if n is even or k is a multiple of four.
Proof. We will use the tensor presentation of A = T (V )/I as in Remark 4.2 together with the notation e i = id P i , End k (P i ) = k · t i and Ext h (P i , P j ) = k · a ij for adjacent P i and P j . Here V is the graded vector space spanned by all t i and a ij . Recall that J = T (V ) + .
Note that the homogeneous elements 1, t i , . . . , t n i , a ij constitute a basis of A as a k-vector space. Hence,
The only elements of I not involving an a ij lie in the ideal generated by the elements t n+1 i . Indeed t l i = 0 for l < n + 1 by the definition of a P n [k]-object. Furthermore, for i = j, the tensor product t i ⊗ t j already vanishes as an element of V ⊗ R V ⊂ T (V ) as t i t j = t i ⊗ t j = (t i e i ) ⊗ t j = t i ⊗ (e i t j ) = 0. Hence, the minimal degrees of I and J are
where the assumption that n ≥ 2, hence h ≥ k, is used. Hence, by Remark 3.6, we get mindeg Tor
We can now confirm that the assumptions of Proposition 3.5 are satisfied for q ≥ 4. For q = 2p with p ≥ 2, we have
Similarly, for q = 2p + 1 with p ≥ 2, The previous proposition does not cover the interesting case of configurations of spherical objects, which we treat in the following Proposition 4.5. Let Q be a graph and let P 1 , . . . , P m be a Q-configuration consisting of k-spherelike objects in a k-linear triangulated category with k ≥ 4. Moreover assume that for adjacent P i and P j holds
is intrinsically formal. Proof. This can be shown along the same lines as the proof of Proposition 4.3, but some of the estimates change. The minimal degrees of the ideals I and J become
where we abbreviate h := k 2 . Note that h ≥ 2 by the assumption on k. Hence, the minimal degrees in the minimal projective resolution are now mindeg Tor
We will check that the assumptions of Proposition 3.5 are satisfied for q > 2, what concludes the proof. Indeed, for q = 2p with p ≥ 2:
To see this, we still need h+p ≤ ph. This inequality is equivalent to h h−1 ≤ p, as h ≥ 2, and holds as p ≥ 2. Similarly, for q = 2p + 1 with p ≥ 1, we have
Here, the middle 2h + 2p < 2ph + h is equivalent to h h−1 < 2p, as h ≥ 2, hence the inequality holds due to p ≥ 1.
Remark 4.6. For k = 1, the assertion of Proposition 4.5 has to be false. To see a counterexample, consider an elliptic curve E. Then D b (Coh(E)) is generated by the A 2 -sequence of 1-spherical sheaves O E and O p for any p ∈ E. Indeed, out of theses two sheaves one can construct all the line bundles O(n · p) by successive cones, and the line bundles O(n · p) contain an ample sequence. Now, one can check that the graded endomorphism algera
is the same, regardless of the chosen elliptic curve E and point p ∈ E. However, two non-isomorphic elliptic curves E ∼ = E ′ always have non-equivalent bounded derived categories; see e.g. [20, Cor. 5.46 ].
For k = 2 and 3, we still expect intrinsic formality, as are the algebras coming from A m -configurations of such objects; see [37] .
The following corollary in combination with Theorem 1.11 gives Theorem B in the introduction.
Corollary 4.7. Let {P i } be a tree of P n [k]-objects in a cocomplete dgenhanced triangulated category T with
• either n, k ≥ 2, nk even, and gcd(k, nk 2 ) > 1; • or n = 1 and k ≥ 4. Then the thick subcategory {P i } is independent of the ambient category T.
Proof. Replacing the objects P i by appropriate shifts P i [n i ], we may assume that they satisfy the assumptions on Hom * (P i , P j ) of Proposition 4.3 and Proposition 4.5, respectively. Denote by Q the underlying tree. We may start with some edge i ∈ Q and set n i = 0. By definition of a Q-configuration of objects, for adjacent i and j holds
for some a, b ∈ Z. Note that we assume the objects to be P-objects (not just P-like). Hence, Serre duality gives a + b = nk. Hence, in the case that nk is even, we may set n j = a − h, so after replacing P j by P j [a − h] we get
Since, by assumption, Q has no loops, there is no obstruction to extending this procedure to the whole Q. The case that n = 1 and k ≥ 5 is odd works similarly; compare [37, §4c] . Now, we can use Proposition 4.3 and 4.5 together with Corollary 1.12 to conclude that {P i } ∼ = D(A) c where A = End( i P i ).
Remark 4.8. There are results, analogous to those of this subsection, on the formality of the endomorphism algebras of configurations of P n [k]-objects for negative k < 0. To see this, one can use that a non-positively graded algebra is intriniscally formal as soon as
which is analogous to Proposition 3.5.
We chose to concentrate on P n [k]-objects with k positive, since those with negative k are rare in practice, e.g. negative Calabi-Yau objects cannot appear in derived categories of smooth varieties; compare [17, Lem. 1.7].
4.2.
Actions induced by A m -configurations of P-objects. Seidel and Thomas [37] used the formality of End( i P i ), where P 1 , . . . , P m is an A mconfiguration of k-spherical objects in a cocomplete dg-enhanced triangulated category T, in order to prove that the induced action of the braid group B m+1 on T is faithful. This means that the subgroup T P 1 , . . . , T Pm ⊂ Aut(T) generated by the spherical twists is isomorphic to B m+1 . Consider the P i as P 1 [k]-objects and the associated P-twists are then squares of the spherical twists:
; compare Remark 2.6. It follows from the description of the group spanned by the squares of the standard generators of the braid group [12] , that the only relations between the P-twists are the commutativity relations
Hence, it makes sense to conjecture the following more general faithfulness result.
Conjecture. Let P 1 , . . . , P m be an A m -configuration of P n [k]-objects with k ≥ 2. Then the only relations between the associated P-twists P i := P E i ∈ Aut(T) are the commutativity relations
It is easy to see that, for two P n [k]-objects with vanishing graded Homspace between them, the associated P-twists commute; see [29, Cor. 2.5] . Hence, the unknown and propably difficult part of the conjecture is that there are no further relations between the twists associated to an A mconfiguration of P-objects.
By Corollary 4.7, it would be sufficient to consider one particular example of an A m -configuration of P n [k]-objects in order to prove (or disprove) the conjecture for a fixed value of m, n, and k with nk even and gcd(k, nk 2 ) > 1.
The triangulated category generated by the structure sheaf
Let X be a smooth projective variety over the complex numbers C. Note that the graded endomorphism algebra End * (O X ) coincides with the cohomology algebra H * (O X ) where the multiplication is given by the cup product. This algebra, sometimes called the homological unit of X is conjectured to be a derived invariant of the variety X; see [1] . In this section we will show that the generated thick triangulated category O X ⊂ D b (Coh(X)) only depends on this graded algebra.
Theorem 5.1. Let X be a smooth projective variety over C. Then there is an equivalence
Let X an be the analytification of X, which is a compact Kähler manifold. We denote by A 0,• the Dolbeault complex on X an . Its terms A 0,p are the anti-holomorphic p-forms on X an and its differential is given by∂. From the ∂∂-Lemma, one can deduce the following Thus, in view of Lemma 5.2 and Theorem 1.11, it is enough to find a pretriangulated dg category E together with an exact equivalence α :
coh (X an ) and an object E ∈ E with α(E) ∼ = O X and Hom Remark 5.3. Let X be a (non-projective) compact complex manifold satisfying the ∂∂-Lemma, for example a Kähler manifold. Also in this setting, the Dolbeault complex is formal and the category P A gives a dgenhancement of D b coh (X). But we do not know whether the dg-enhancement of D b coh (X) is unique without the projectivity assumption. Hence, it is not clear whether P A extends to a dg-enhancement of the cocomplete category D(Mod(O X )), which we would need to conclude that O X = D(H * (O X )) c using Theorem 1.11.
Examples of configurations of P-objects
In the following examples, we assume that the characteristic of the field k does not divide the order n! of the group S n . 6.1. Trees of P-like objects on symmetric quotient stacks. We recall a construction of P n [k]-like objects from k-spherelike objects, which is essentially due to Ploog and Sosna in [39] . Let X be a smooth projective variety and E be a k-spherelike object in D b (X). Consider the n-fold cartesian product X n with its projections π i : X n → X. Then we define
There is a natural action on X n by the permutation group S n . Actually, we can turn E ⊠n into an object E {n} in the equivariant derived category D b Sn (X n ) by equipping E ⊠n with the canonical linearisation given by permutation of the tensor factors. By E −{n} ∈ D b
Sn (X n ), we denote the object E ⊠n equipped with the linearisation which differs from the canonical one by the non-trivial character (also known as sign or alternating representation) a of S n .
Remark 6.1. The above construction also works for E inside D b (A) = D b (mod(A)) where A is a k-algebra. Instead of the cartesian product X n consider A ⊗n and instead of the equivariant derived category we consider the derived category D b (S n #A ⊗n ) of the algebra S n #A ⊗n which is known as skew group algebra in the literature.
More generally, there is the concept of the symmetric power S n T of a (dg-enhanced) triangulated category T due to Ganter and Kapranov [14] . This covers both of the constructions above, since
for a variety X and an algebra A, respectively.
Sn (X n ) has a very geometric interpretation. There is an equivalence
which is essentially the definition of sheaves on a quotient stack. By the derived McKaycorrespondence,
where S n -Hilb(X n ) is the S n -equivariant Hilbert scheme for X n ; see Bridgeland, King and Reid [6] . By Haiman [15] , there is a further equivalence
is the Hilbert scheme of n points on X. Putting these together we get
In the Subsection 6.2, we will describe the corresponding P-objects in
Proposition 6.3 (c.f. [39, Lem. 4.2] ). Let n, k ∈ N with n ≥ 2 and k even. Let X be a smooth projective variety and let E be a k-spherelike object in
-like objects. Moreover, if E is a k-spherical object (e.g. if E is spherelike and X is a Calabi-Yau variety of dimension k), then E {n} and E −{n} are P n [k]-objects.
Finally, let E, F ∈ D b (X) be objects with Hom
if m is odd.
Proof. All of this follows from the equivariant Künneth formula which says that
Note that both, the symmetric and the exterior product, are formed in the graded sense. For example, if m ∈ N is odd, holds
Corollary 6.4. Let {E i } be k-spherelike objects in D b (X) which form a tree Q. Then there is a choice of signs ε i = ±1 such that the P n [k]-like objects E
form the same tree Q. Additionally, if the E i are k-spherical, then this is a configuration for P n [k]-objects.
Proof. We start with some vertex i 0 of Q and set
. Then, given an adjacent j of i 0 , the graded Hom-space Hom * (E i 0 , E j ) is one dimensional, hence concentrated in one degree, say d. We set ε j := (−1) d and
. By Proposition 6.3, F i 0 and F j are P n [k]-like objects and
is one-dimensional. In other words, F i 0 and F j form an A 1 -tree of P n [k]-like objects. Since Q is a tree, we can continue inductively and end up with a Q-tree
Remark 6.5. The corollary yields also more general configurations of P-like objects, provided that for each cycle the signs can be attributed consistently. We do not spell out the details, but provide an example.
By a result of Kodaira, cycles of (−2)-curves C i appear as singular fibres in elliptic fibrations of surfaces; see the book [3, §V.7] by Barth, Hulek, Peters and van den Ven. Hence, such a cycle forms a cycle of spherical objects
is non-zero if and only if the curves C i and C j intersect. Consequently, these objects induce a cycle of P n -objects, provided the cycle is of even length.
6.2.
A geometric example of a tree of P-objects. Let Q be a tree and X be a smooth quasi-projective surface together with a Q-configuration of (−2)-curves. This means that, for every vertex i of the tree Q, there is a (−2)-curve P 1 ∼ = C i ⊂ X, C i and C j intersect in one point if there is an edge joining i and j and they do not intersect otherwise. Note that such a configuration might not exist for any given tree Q; see [18, §6] for sufficient criteria.
The objects O C i ∈ D b (X) form a Q-tree of 2-spherical objects with
for adjacent i and j; see [37, Ex. 3.5] . Then there is an induced Q-tree of P n -objects of the form O
Sn (X n ) by Corollary 6.4. Here we have to choose opposite signs ε i = −ε j for adjacent i and j, as the graded Hom-space is concentrated in the odd degree 1.
We use the derived McKay correspondence as mentioned in Remark 6.2 (recall that we omit R and L in front of derived functors)
to interpret this as a tree of P n -objects on the Hilbert scheme X [n] . Here we denote by q : Z → X [n] and p : Z → X n the projections from the universal family of S n -clusters Z ⊂ X [n] ×X n . Hence there is a commutative diagram
where X (n) := X n /S n is the symmetric product, π is the S n -quotient morphism, and µ is the Hilbert-Chow morphism. Furthermore, Z ∼ = (X [n] × X (n) X n ) red is the reduced fibre product of this diagram. Note that every closed subscheme C of X induces a canonical closed embedding
Proposition 6.6. For C ⊂ X a smooth curve, we have
Proof. For a smooth curve C, the Hilbert-Chow morphism
is a closed embedding with image C (n) . Consequently, using the diagram above, p :
Let i and j be two adjacent vertices of Q. Then C i ∩C j is a reduced point, hence cannot contain a subscheme of length n ≥ 2. Thus, C For n = 2, we give a concrete description of the image of O −{n} C under the McKay correspondence, where C = C i is one of the rational curves. Denote by δ : X → X (2) the diagonal embedding into the symmetric product. Then E := µ −1 δ(X) is the exceptional divisor of X [2] → X (2) . There is a line bundle L ∈ Pic(X [2] ) such that L 2 ∼ = O(E); see [32, Lem. 3.7] .
We summarise this situation in the following diagram, consisting of a blow-up square on the right and its restriction to C, so both are cartesian:
Note that the restrictions ρ : E → X and Σ C → C of µ are P 1 -bundles (actually, Σ C is isomorphic to the Hirzebruch surface Σ 4 ).
Proposition 6.7. Denote by Y C the closed subscheme Σ C ∪ C [2] in X [2] .
Before we prove the proposition, we need to recall another feature of the Hilbert scheme of two points, namely that the functor
is spherical; see [29, Rem. 4.3] or [30, Thm 4.26(ii) ]. This means in particular that the associated twist functor T Θ , defined by the triangle of functors
where ε is the counit of adjunction, is an autoequivalence of D b (X [n] ). The right-adjoint Θ R of Θ is given by
Lemma 6.8. The subvarieties C [2] and E of X [2] intersect transversally and ρ maps the scheme-theoretic intersection E ∩ C [2] isomorphically to δ(C) ⊂ X (2) .
Proof. The second assertion implies the first one since transversality means that the scheme-theoretic intersection E∩C [2] is reduced and of the expected dimension 1. The composition C [2] ֒→ X [2] ρ − → X (2) is a closed embedding with image C (2) ⊂ X (2) . Using the right cartesian diagram in ( ), it follows that ρ maps E ∩ C [2] isomorphically to the scheme-theoretic intersection δ(X) ∩ C (2) .
Hence, we only have to prove that δ(X) ∩ C (2) = δ(C). This question is local in the analytic topology so that we may assume that X = Spec C[x 1 , x 2 ] and C = Spec C[x 1 ]. We set s i = x i + y i and t i = x i − y i so that X 2 = Spec C[s 1 , s 2 , t 1 , t 2 ] with the natural action of S 2 = τ given by τ · s i = s i and τ · t i = −t i . Therefore holds O(X (2) ] . The ideal of δ(X) ⊂ X (2) is given by I = (t 1 , t 2 ) S 2 = (t 2 1 , t 1 t 2 , t 2 2 ) and the ideal of C (2) ⊂ X (2) is given by J = (s 2 , t 2 ) S 2 = (s 2 , t 2 2 ). Hence, δ(X) ∩ C (2) = Spec C[s 1 , s 2 , t Proof. By O C [2] (−E) we mean O X [2] (−E)| C [2] . Using ( * ) and the previous lemma, we compute
Note that Θ(O C ) ∼ = O Σ C , so the twist triangle applied to O C [2] (−E) becomes after shift O C [2] (−E) → T Θ (O C [2] (−E)) → O Σ C . The long exact cohomology sequence shows that H i T Θ (O C [2] (−E)) = 0 for i = 0. Hence, the triangle reduces to the short exact sequence 0 → O C [2] (−E ∩ C [2] ) → H 0 T Θ (O C [2] (−E)) → O Σ C → 0. (1) As Σ C ∩ C [2] = E ∩ C [2] , there is the canonical short exact sequence 0 → O C [2] (−E ∩ C [2] 
One can compute that Ext 1 (O Σ C , O C [2] (−Σ C ∩ C [2] )) = C, using for example [9, Thm. A.1] . It follows that (1) and (2) coincide, so
Proof of Proposition 6.7. Combining the formulae of [30, Thm. 4 .26], we get an isomorphism of functors
where L 2 = O(E). Combining this with Proposition 6.6 gives
Now, the assertion follows by Lemma 6.9.
For C i , C j ∈ X two (−2)-curves which intersect in one point, Y C i and C
[2] j intersect transversally in one point of X [2] . This confirms geometrically that
compare Proposition 6.3.
